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Chapter 1 The-Extension of First-Order Logic

The e-extension of first order logic was introduced by David Hilbert in 1923 in [3]. It
was motivated by his efforts to prove the consistency of mathematical analysis. Specif-
ically, Hilbert introduced what he called a “logical operator" (denoteccppyhat re-
places variables with “indeterminate constants" having the property that they may be

interpreted as witnesses (or falsifiers) of the formula in which they occur.

Section 1.1 The Hilbert Extension

Let £ denote the usual first-order logic with equality. In modern language Hilbert’s
g-extension can be defined as follows ¢lfx, y) is a formula in£ without quantifiers
andx, y are disjoint strings of variables comprising all the free variables, thensy¢
denotes a string dfy| new function symbols, each witlx| argument places, whef€|
and|y| denote the length af andy. Thuse itself is an operator which operates on

strings of variables and formulas and creates strings of function symbols.

Definition 1.1.1 (Thes-Extension of First-order Logic)

We denote byC? (for “open logic”) first-order logic without quantifiers,
and by £¢ the logic generated by the formulas 6° and the operator
¢ (applied iteratively) and adding to its rules of proof the Hilbert axiom

schema (i.e., rule)
9(X.7) = o, eyp(X)). (H)
The deducibility relation inC¢ is denoted by-,.
For readability, we may writgf'(x) or f,(x) for the string of termgyyp(x). Of course

the operatoe allows us to make function symbols using formulas that already contain

e-terms. We may now treat quantifiers as informal abbreviations of the appropriate

1
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formulas withe-terms. This is justified by Hilbert's observation that the schema (H) is

equivalent inC to each of the following schemata:

Fe(X,7) < o(X,e¥9(X)) 1)

Vye(x,y) < ¢(X, ey—9(X)). (2)

These equivalent forms of (H) allow us to interpret quantifiers as abbreviations of cer-
tain quantifier-free formulas, as follows: We interpret the symbols of the sequgigce
to be witnesses for the existential quantit#rin the formuladye(x, ), if any exist,
and otherwise picking arbitrary objects. Similarly, we understand the symbols of the
sequencey—¢ to be Skolem functions picking falsifiers for the universal quantifier
Y7y in the formulavye(x, ), if any exist, and otherwise picking arbitrary objects.

Our L? is closed under the-operator, but there are no quantifiers in it. However,
every formula of£ can be translated uniquely into a formula&f (applying (1) and
(2) and operating from inside out), and this is the reason we say’thiatan extension

of L.

Remark 1.1.2

We can say that the-operator is a formalization of the idea of Skolem
functions. We refer to the process of eliminating quantifiers in a formula
of £ by means ot-terms asepsilonizing How one chooses to epsilonize

a given formula, and in particular the order in which variables are replaced
with e-functions, may affect what the functions themselves are as well as
their arity. Hence, epsilonizing in different ways may result in a variety of

distinct but logically equivalent formulas.

Now we will show that the consistency of theextension is an easy consequence of the

consistency of Henkin’s rule. For simplicity we consider only logic without equality,
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that is, the axioms of equality are treated as mathematical axioms that can appear in

theories, but not as axioms of logic.

Theorem 1.1.3 (Consistency of Henkin’s Rule)

If T is a consistent theory is a formula of7" with free variablesk, ¢,
are constant symbols that do not appeat’inand|c,| = |X|, thenT U

{o(X) — ¢(c,)} is also consistent.

Proof: Suppose otherwise. Then

T + 3¥¢(%) A —~¢(C,)- 3)

Sincec,, does not appear il we can replace the constantsof
in the proof of (3) by variables that do not appear in that proof.
Sowe getl' - Ixp(X) A —p(y) andT = Ixp(X) A Vy—e (D),

so T is inconsistent, contrary to the assumption.

The formulap(Xx) — ¢(c,) is called Henkin's rule, and the terrag are called Henkin’s

constants.

Theorem 1.1.4 (Consistency of thextension)

If T is a consistent theory i and if (X, ) is a formula in the language

of T, then
T U{p(x,)) = ¢(x, e¥p(X))} 4)
is also consistent.
Proof: By Theorem 1.1.3 we can assurfieis closed under

Henkin’s Rule. LetM be a model of the Henkin extension Bf

whose elements are the Henkin constants. Forg@Ryy) and



any |x|-tuple ¢ of Henkin constants, lef" be a function such
that f(¢) := Cye,3-. Then the theory (4) is true in the model

(M, f) if eyg is interpreted ay'.

Definition 1.1.5 (Theories ang Theories)

If T is a theory inC, we will identify 7" with the deductive closure of a
setA of axioms of T in L, i.e., T is the smallest set of formulas such that
T containsA4, and if 4 = ¢ theng € T'. We denote byl"® the deductive
closure of4 in £¢, i.e., T is the smallest set of formulas such ti¥at

contains the sel of axioms of7’, and if 4 -, ¢ theng € T*.

Of course we hav& C 7%, butin generall’ # 7. HoweverT?® = (T¢)®.
Hilbert proved in the 1920’s thaf® is a conservative extension 6f in the sense

of the following theorem.

Theorem 1.1.6 (Hilbert's SecondTheorem)

If ¢ is a formula in the language a@f andT -, ¢, thenT F ¢.

Proof: We can assume without loss of generality thais a
sentence (i.e., has no free variables). Supfdose ¢ but T t/
¢. ThenS = T U {—¢} is consistent. Bu§® © 7%, and hence

S ke ¢ A g, contrary to the consistency of theextension.

Section 1.2 The Lattice C of Chapters of Mathematics.

In this section we recall some definitions from the paper of Mycielski, Pudlak, and
Stern [6]. These definitions pertain to the usual first-order lahid¢n the next section

we will discuss similar concepts for the logit.
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An n-dimensional interpretatioh of a languagel.; into a languagd., is an as-
signment of the relations, functions, and of the equality symbdl ofo some formulas
in L,, and of the argument places of those symbols to some digjetples of free
variables of the assigned formulas. In the case of a function synfidble formula
assigned tgf corresponds to the equatigif{x) = y, and so it must have an additional
n-tuple of free variables (for the variablg). We call I an interpretatiomwith param-
etersif the assigned formulas af, have additional free variables (called parameters)
not in then-tuples corresponding to the original variables.olis a sentence i,
theno! denotes the existential closure of the formula obtained by translatingp the
languageL, by means off in the natural way. Since was a sentence;’ is also a
sentence. We say thatis interpretable in7; if and only if there exists ard for the
language ob such thawv ! is a theorem off>.

For theoriesT; and 7,, we will write 7; < T, and say thafl’ is locally inter-
pretablein T if every theorem ofT; is interpretable in7,. (Note that/ andn can
depend on the theorem.) We will say th&t and 7, are equi-interpretable denoted
T, ~ T,,if Ty < T, andT, < T.

We observe that- is an equivalence relation on theories. From now on, as in
[6], we assume that all theories are consistent and do not have 1-element models. The
equivalence classes are calldthpters The equivalence class of a thedfywill be
denoted by 7'|. (However eachT | is a proper class in the sense of set theory, we will
see in a moment that there are at most continuum many such classes. It was shown in
[6] that there are exactlg® chapters.) The relatiort induces a partial order of the
chapters. The class of all these equivalence classes will be denotetl by

Two sentences are said to be of the same shape if each can be obtained from the
other by changing only its function symbols and relation symbols. Itis clear that there

are only countably many shapes of sentences, and the interpretability of a sentence
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in atheoryT depends only on the shapeaf Thus any chaptéf’| can be represented
by the set of shapes of sentences interpretabl&.inlt follows that there are only
continuum many chapters.

Notice that< induces a partial ordet in LC, that the set of shapes of all consistent
sentences constitutes a maximal elemerit ©f and that for any sefl of chapters the
intersection of the set of sets of shapes representing the chaptergegresents a
chapter, and this chapter is the largest lower bound of L C.

To summarize, we have:

1. < is reflexive and transitive, and henges a partial ordering.

2. S ~ T ifand onlyif |S| = |T|.

Notice also that the least chapter containing a given shape of a consistent sentence
is a compact element &fC. Hence every chapter is a join of compact chapters. This
implies thatL C, ordered by<, is an algebraic lattice Mycielski has shown also that

L C is a distributive latticgsee [6]). It follows thalL C is also a Brouwerian lattice

Section 1.3 The Lattice afChapters

Now we will define similar concepts for the logit®. Notice that everyC®-theory is
also ant-theory. And if 7' is a finitely axiomatizable theory thefi® is also finitely
axiomatizable in the logi€® (by the same axioms &8).

We claim (informally) that the usual sense in which mathematicians (who are not
logicians) use the phrase “S is a mathematical theory” is reasonably defined by “S is a
theory of the formZ’®.” This is because in mathematical practice everybody accepts the
Hilbert rule (H) in the sense that they accept a principle of logical choice.

Let LC? be the class of chapters of the folffi¢|. By the above remarks it seems

that a study of. C* will be motivated even better than the studyLdE.
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The theory of the latticé C was developed in [6] and subsequent papers. | will
not be able to do as much f&iC®. In fact | will limit my work to the following basic

remarks and theorems.

Theorem 1.3.1

The relation=< restricted toL C? is also a partial ordering of a complete,

distributive algebraic lattice.

Proof: If A4 is a set of chapters, for evetye A we can choose
a theoryT, such that7,| = a and the languages of the theories
T, are disjoint. LetT" be thes-theory based on a set of axioms
U,ea Ta- Thus|T| belongs toL C* and it is easy to check that
|T'| is the least upper bound of. HenceLC® is a complete
lattice.

It is also clear that for every theor¥ the chaptef7T?|is a
join of chapters of the formS?#|, such that eacls* is axioma-
tizable in £? by one sentence. It is easy to check tj#d are
compact elements of the lattice. Thu€® is an algebraic lat-
tice. Lattice distributivity can be derived from distributivity in

propositional calculus in the same way as in [6].
Dale Myers has shown th&atC? is a proper subset &fC:
Theorem 1.3.2

The chapter of endless linear orders is not {©°.

Outline of proof Let« be the conjunction of the axioms of the

theoryT of endless linear orders, and fg¢te the sentence

a AVx(x < f(x)).



Of courseg is interpretable irf"¢. Any model ofg has infinitely

many types of pairs of elements. Indeed, the binary formulas

J) =y, f(FX) =y, f(S(f)) = p....

are mutually exclusive in the sense that no gairy) can sat-
isfy two of them sincef*(x) < f”(x) for k < n. On the
other hand, some models @f have only finitely many types
of n-tuples for everyn. For example{Q, <) has this property.
Hence every sentence which is interpretabléirhas models
which have only finitely many binary types. Indeed, if the in-
terpretation isz-dimensional, then it has no more binary types
than the number of types of sequences of lerigth Thusp is

not interpretable ir7".

Theorem 1.3.3

For any two theorie§/ andV, if U < V thenU?® < V?.

Proof:

Let o be a sentence in the language ot of the form

an [\ VEVTi(Ri 7)) — ¢i(Fi. €7 ()],

i=1
wherex is any sentence that is a theorem{®f Of courseo
is a theorem ol/®. Moreover, for every theorem of U¢ there
exists ao as above such that — t is a theorem of logic. Thus
is suffices to prove that there exists an interpretaficuch that
ol is a theorem of’?. By the assumption of the theorem we

have an interpretatiodi of the language of such thato! is



a theorem ofl’. Let p be the sequence of parameters of this
interpretation. Thew! has a prefixdp. Omitting this turns
ol into a formulay (p) whose free variables are exactly those
of p. We form the sentenceé (¢py) and it is clear that this is
an interpretation otr. Hence it remains to show that it is also
a theorem ofl’®. Notice thaty (¢py) is a conjunction of two
sentences (similar to). The first is a theorem ofF ¢ sincea’

is a theorem of’. The second is a conjunction of universal

closures of instances of (H). Hence it is also a theoreivi‘of

Corollary 1.3.4

|T| e LC*ifanonlyif 7¢ < T.

Proof: If |T'| € LC® then|T| = |S¢| for some theons'. Hence
T =< S%. By the previous theoren¥® < S°. Hence|T?| <
|S¢| = |T|andT?® < T.

Vice versaif T¢ < T then|T| = |T¢| € LC".

We observe that the converse of Theorem 1.3.3 fails. For exampasithe theory of

endless linear orders ad = V¢, then
ue<vVve
holds, but by the theorem of Myets £ V.

Definition 1.3.5

A first-order theoryT is said to havelefinable selectori$ for any formula

@(x,y) there is a formulay(x, y) such that

T EVX[Fye(x.7) = IV (eE.7) A ¥ (E. )] (5)
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It is clear that every theory of the forfi¢ is a theory with definable selectors. For
example, as is well known, the following theories have definable selectors: RCF (the
theory of real closed fields), PA (Peano Arithmetic), and ZF+V=0D (set theory with

the claim that the universe is ordinal-definable).

Theorem 1.3.6

If 7 has definable selectors thgh| = |7°¢|.

Proof: Supposel’ has definable selectors. Singé -~ T it is
sufficient to establisiT® < T. To prove this we construct, in-
ductively, an interpretatiod (1-dimensional and with one pa-
rameter) of the language @f¢ into the language of’, such that
for every theoremv of T¢, o/ is a theorem ofl’. Let us add
to the language of" a new constant. (This augmented theory
is still a theory with selectors. Later we will get rid of) Now
we will construct an auxiliary interpretatiah one-dimensional
and without parameters, @® into 7' with the constant. The
symbols of 7" remain unchanged. Now we will translate the
equationgy x(x) = y for any formulay in the language of"®
into the language of" plusc. We do this inductively. Suppose
we have constructed enough bfo translatey into a formulag

in the language of " plusc. (Sincel has no parametersand
¢ have the same free variables.) Then we exptgsgx) =y

by means of the formula

(@(X.Y) > ¥, V) A (=¢(X.y) >V =0),
wherey is as in (5) for the language with, and wherer is

a string of lengthy| all of whose terms are the constant It



11
is clear from this inductive construction df that, for everyo
belonging toT?, o/ is a theorem of” with the constant. It
remains to get rid of. Since7T has no assumptions abauive
can replace in o/ by a free variable, and quantify it existen-
tially. In this way we get the interpretatian such that’ is a

theorem ofT".

Let S and T be first-order theories, and assume that the sets of constants, relation
symbols (including equality), and function symbols®fand7 are disjoint. We recall

from [6] that we defineS + T to be the theory whose axioms aren 8, wherex € S

andp € T. Similarly, we defineS - T to be the theory whose axioms are/ 8, where

aeSandp eT.

We saw that. C°® is a lattice and we will prove in the next section that the meets in

L C? are the same as the meetd.i@, that is
[T AISE = [T*] » |S°]. (6)

However,L C® is a proper subset afC and it seems that the joins InC® can be larger

than the joins irL C. To be precise,

Problem 1: Do there exist theorie§S and7 such that

TV IS < |T°|V |S*)?

Section 1.4 Chapters as Closed Sets of Shapes
There is a second way of definingC given in [6] which we will extend in a natural

way to a definition ol C°.
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Definition 1.4.1

Given a formulap of first-order logic, we define thehapeof ¢ to be the
equivalence class of formulas that can be obtained fgoby uniformly
changing only the relation and function symbols, but preserving their ari-
ties and keeping distinct symbols distinct. Given a theBryve denote by

Sh(T) the set of all shapes of sentences interpretabfe.in

Definition 1.4.2

For any setX of shapes, choose a sentengehaving shaper for each
x € X, such that the sentences have no relation or function symbols in
common. We will denote by"4#(X) the deductive closure id of {a, :
x € X}, and byT h*(X) the deductive closure ig® of {o, : x € X}. We

then define closure operatals= Sh(Th(X)) andX = Sh(Th*(X)).

The closure operators defined above are of finite type, that is,

X = U Y and X = U Y.

YCX,Y finite YCX, Y finite

By the general theory of closure operators, the closed sets of shapes under each of these
closure operators form a complete algebraic lattice, with the operations of join and meet

given respectively by

AT = NT VTi= A{T:Uxcx)=Unx
and \X, = X, VT =AX:Uxicxd=Ux.
Since there is an evident one-to-one correspondence between chapters and closed

sets of shapes, we have a characterization of b@hand LC? in terms of sets of

shapes. In particular equation (6) on page 12 follows.
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Chapter 2 The Structure &fC*

Section 2.1 Elementary Results abau@®

We recall the following basic definitions from lattice theory:

e A lattice is calledcompletef every subset of the lattice has a meet and a join.
An elementa of a complete latticd. is calledcompactif and only if for every

X C L we have
a<\/X = 3finite Xo € X)(a < \/ Xo)

A complete lattice is calledlgebraicif each of its elements is a join of compact

elements.

An elementz of a lattice is calledoin-irreducible (JI) if and only if

a=bvc=(a=bora=c).

a is calledjoin-prime (JP) if and only if

a<bvc—(a@=<bora=c).

a is calledstrictly join-irreducible(SJl) if and only if

az\/Xéan.

a is calledstrictly join-prime(SJP) if and only if

a<\/X=3beX@a=<h).
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e The definitions omeet-irreducibl€MI), meet-primgMP), strictly meet-irreducible
(SMI), andstrictly meet-primgSMP) are dual to these. The following relation-

ships are immediate:

c SJI <
SJP= (compacin JP J

c JP <

N
%
=
N

SMP - M
c MP <

e If a < b and the open intervah, b) is empty, then we say thatcoversa, thatb

is anupper covenf ¢, and that: is alower coverof b.

We recall also that ib is a compact element of a lattice amd< b, thenb has a lower

cover which is> a.

We are concerned to show that, likeC, the sublatticd C€ is distributive and alge-
braic, and also to show that important lattice-theoretic properties of elemeh afe

preserved by the-mapping. We adopt the following terms and notations from [6]:
Definition 2.1.1

(i) Atheory T and its chapte|T’| are callecconnectedff |7'| € J1I.

(i) C denotes the set of compact chapters 61

(i) RE denotes the set of chapters containing a recursively enumerable

theory.

(iv) CC denotes the set of compact and connected chapters.

(v) A chapter is callechormal iff it lies below a compact chapterly

denotes the set of normal chapters andhe set of non-normal chap-

ters.
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For clarity, we will distinguish meet and join dnC® by placing a small £” inside the
usual symbols, e.g.\/ .
The following elementary result is proved foC in [6]; we establish it here for the
lattice LC®. For any set of sentenceswe will write A° = (T'h(A))°, whereT h(A)

denotes the first-order theory based.4n

Lemma 2.1.2

Let A; be sets of axioms in disjoint languages. Then
V5 =[(Ua) |

Proof: Since evidentlyA%| < )(U A,-)g) for each;, we only need to show

that)(U 4;)°

and letT be a representative of }Aj?}. Now ¢ is a consequence (in

< \/ |4%|. So suppos€lJ 4,) . o for some sentence,

L?) of finitely many of theA4;, say{4; }, k = 1,...,n. To show that

T interpretso, we note that since thd; are assumed to be in disjoint

languages, we havél J, 4;,)°| = )(Ajl SRR Ajn)e). But it is clear
that \/ i |45, | = |(4), + -+ 4;,)°, and since/ « |45, | =/ |45]
we are done.
It is also shown in [6] that a chapte?’| of LC is compact if and only if it has a
representative that is finitely axiomatizable, i.e., there exists a senéesaeh that
|T'| = |a|. This is also true i C*:

Lemma 2.1.3

The following are equivalent:

i. |T¢|is compact irLC®.

ii. There exists a senteneesuch thata®| = |T°¢|.



16

iii. Every theory in|T¢| has a finitely axiomatizable sub-theory which

also belongs t¢7°?|.

Proof: (ii) < (iii) is obvious.

(i) = (i): Suppose there exists a sentencsuch thatjw?®| =
|T¢|, and suppose also that?| < \/ |T7]. We may assume that
the representative®; are chosen to be in disjoint languages.
By Lemma 2.1.2)|e¢| < [(UT;)"], so(UT;) Fe of for
some interpretation |. Hence there is a finite $gt such that
(UTj,) Fe of, whenceT¢| < \/ |T7|.

(i) = (iii): It is an easy fact that for any theory,

7] =V {lo°] : T k¢ o}, (7)

for every theorem on one side is evidently interpretable in
the other side. Now ifiT?| is compact then there is a fi-

nite set{ox jx=1,..., such thai7| = \/ |o}|, hence|T*| =

.....

{o1,...,on}%].

Corollary 2.1.4
If |7'| is compact irL C then|T#| is compact irL C®.
Proof: SupposeT'|is compactirL C, and let bex be a sentence

such thatx| = |T'|. Then|a®| = |T?|, so by the above lemma,

|7T°*| is compact.

We have already established (Theorem 1.3.1) ltl@ft is a complete, distributive

algebraic lattice. We have then also the following corollary.
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Corollary 2.1.5

L C? satisfies the Brouwerian law, i.e., for amye LC® andB C LC?,
an\/ B=\{anb|be B},

and inLC? (as inLC) we haveJI = JP, MI = MP, andSJI =

SJP =CC.

Proof: The Brouwerian law holds in every distributive, alge-
braic lattice,SJI = SJP follows from the Brouwerian law,

and the other equalities follow from distributivity.
Theorem 2.1.6

() |T|is compactin.C = |T¢| is compact in.C®.
(i) |T| e JP(nLC)=|T¢l € JP (inLC?®).
(i) |T) e JI(inLC)= |T?| € JI (inLC?).

(iv) |T| € CC (inLC) = |T¢| € CC (inLC?).

Proof: (i) Suppose|T| is compact inLC, and let bex be a
sentence such that| = |T'|. Then|a®| = |T¢|, so by Lemma
2.1.7,|T¢| is compact.

(i) Let |T'| be join prime inLC, and suppos&rs| < \/X,
X C LC®. TheninLC we must havd7'| < \/ X, so by join
primeness there is a| € X such that{7'| < |S|, whence
|T¢| < |S€| by Corollary 1.2.7. But sincéS| € X we have
|S€| = 1S, so|T¢| < |S| and we are done.

(iii) Follows from (ii) and the factthat/7 = JP in LC®.

(iv) Follows by definition from (i) and (ii).
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It is shown in [6] that|LC| = 2%0; using an auxiliary result of [6] we establish below

that|L C?| is also of size continuum.

Theorem 2.1.7

Card (LC?) = 2%,

Proof: Since the elements &fC*® (andL C) can be represented
by sets of shapes and there are only countably many shapes, we

know thatCard (LC®) < 2%o,

Now we establish the converse inequality. Recall that
Peano’s ArithmetidA is a theory with definable selectors. The
same is true for every extension BA (in the same language).
Hence ifT is such an extension, thaif < 7', i.e.,|T?| = |T|.
Using a theorem of R. Montague it is shown in [6] that there

exists a sequendd, },=1.».... Of extensions oPA such that

T £ T
Jj#i
fori = 1,2,.... LetA be a set o2® almost disjoint subsets
of {1,2,...}. Thus the chapter 'U T;|, S € A, constitute an
antichain inL C® which is of powj;é‘*().
This concludes our remarks abdu€®. It would be interesting to review [6] more

completely and establish which of the other results of that paper are truefor
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Chapter 3 The Syntax of Hologic

Section 3.1 Introduction

We now introduce Hologit a formal predicate logic that is motivated by the concep-
tual basis of Hilbert'ss-operator, but differs essentially from tleextension as it is
classically understood.

Thee-operator replaces variables with “indeterminate constants.” That is, the term
ex¢ occuring in the sentengg(ex¢), when interpreted, refers to some element of the
universe, but an element about which we can make only a very limited claim, namely
that if there isany element that satisfigg, thenex¢ is such an element. Aside from
this characteristic, the element referencectly remains completelyindetermined.
Supposing there is more than one element that satisfie® do not know which one is
represented byxg. Moreover, if no element satisfigs thenexg refers to an element
about which we know nothing at all. [5]

One might say that the-operator, rather than representinglzoice (of witness)
as a Skolem function does, represents the logicieayscityto choose, his agency as
an interpreter and user of the language. The pursuit of a formalism that codifies this
quality of thee-operator has led to the predicate logic that we will describe herein.

Hologic is characterized by two distinct features. The second in order of presenta-
tion is the first in importance: Hologic is built on a radical generalization of quantifi-
cational semantics. Classically, predicates are interpreted as relations on a set, and the
semantics of quantification reduces to the properties of such relations. The semantics
of Hologic, while including such set-theoretic interpretations as a special case, permits

guantification to be interpreted operationally, i.e., as one or more claims about what is

1Coined fromhol-, the combining form of the Greekidc , meaning “whole, entire," andgic, from

the Greekhoy ik n, whence the Latitogicus “pertaining to reasoning."
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determinable and moreover permits such claims to be interpreted over domains that
are not completely specified. This generalization is non-trivial, in that we will exhibit
sentences that are classically valid but Hologically invalid. This is expected — in the
shift from “what can | suppose to exist?” to “what can | suppose that I may actually lay
my hands on?” the truth conditions for any predicate sentence will become if anything
more stringent, not less.

The other characteristic feature of Hologic is that both quantification and negation
are syntacticallyinfix. While not strictly necessary, in the sense that we could have
fitted the new semantics to the old (prefix) notation, it was found to be much simpler
and clearer to take the approach that we exposit below.

We are also motivated by our interest in making Hologic more amenable to compu-
tational treatment. Despite a half-century of effort the means of constructing a recog-
nizably thoughtful machine — the Holy Grail of practical computer science — eludes us.
Yet during that half-century the speed and complexity of computing machinery have
advanced so extravagantly that any practical physical limit to computation now seems
an unlikely cause of this failure, and the art and science of programming has advanced
so far as to challenge the limits of humanly comprehensible complexity. We are forced
to conclude that our primary mental faculties are too complex for human understanding
— or else that we are missing something. And if we are missing something, and the
something is not unknowable, then it may well be something to do with our approach
to logic.

We do not claim that Hologic is the answer. However, it seems to us that it pos-
sesses certain relevant qualities. It frees us from thinking of logic as a game that con-
sists solely in rules for manipulating symbol strings, and returns us instead to thinking
of logic more naturally, as existing in and emerging from the relationships among prop-

erties (predicates) and the world-objects to which properties appertain. The semantics
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of Hologic neither assumes nor demands perfect information about a domain, nor does
it require that quantificational relationships be order-dependent. (See in particular Re-
mark 5.2.4.) Syntactically Hologic has a recursive structure that is hierarchical and
modular, so that substitutions and inference rules may be applied easily and elegantly.
Expressions are most naturally represented not as strings of symbols but as computa-
tional objects whose structure may be captured in most cases by a few bytes’ worth of
pointers. Powerful new computational methods for both theorem checking and theorem
searching may be attainable as a consequence.

We will see that every sentence of Hologic is required to be in a canonical form,
called Nested Normal Form (NNF). Consequently, before presenting the language, it
will be worthwhile to state in this introductory section a technical result about proposi-
tional sentences, which we call the nesting lemma. In what follows we denote propo-
sitional sentences by calligraphic capital letters suchla®, etc., and propositional
variables by Roman capitals. Tautological equivalence will be denoted=ly We
write expressions such a4, ..., 4,) to indicate that the sentengéconsists of the
propositional atoms (variablesd;, ..., 4, joined in some manner by logical connec-
tives. We will say that a sentencé(4,, ..., 4,) is conciseif it is not tautologically

equivalent to a sentence in which not all of the variablgs. .., A, appear.

Definition 3.1.1 (Nests and Nesting)

Let G(A4y,...,A4;,By,...,B,,Cy,...,C,) denote a concise sentential
formula in the (arbitrarily labeled) propositional variables, ..., 4;,
By,...,By, andCy,...,C,, with/ > 0, m > 0, andn > 0. If G may

be written as
Q = .A(Al,...,AI,CI,...,C,,,B(BI,...,Bm,Cl,...,C,,)),

then we will say thay is nested that .4 is anestingof G, thatB is the
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correspondingiest, and that this nesaptures theB’s. We will also say
that{B;,..., Bn,C1,...,C,} isanestable set fog that captures the3’s,
and we will call{Cy, ..., C,} the set ofcommon variable$or .4 and B.
If there are no common variables (i.e.,= 0), then we will say thagj is

strictly nestedn theB’s.

The nesting of sentential formufasccurs naturally in discourse; it is a way of form-

ing simpler sentences out of complicated ones by “chunking up” one or more of the
concepts expressed within the sentence into an atomic expression, or into what might
be called a complex propositional variable. For example, the 4etA;} is strictly
nestable for the senten¢d; A A,) v (A1 A A3) since this sentence may be rewritten as

the tautologically equivalent sentende A B(A,, A3), whereB(A4,, A3) = (A, V A3).

All propositional atoms are trivially nested, but a nesting that captures a set of two or
more atoms can fail to exist for a given sentence. For instance, the setl;} cannot

be captured by any proper nesting(@©f; A 4,) v (4; A A3). Since there are only
finitely many Boolean functions of variables (namelyp2") the following lemma is

obvious.

Lemma 3.1.2 (Nesting Lemma)

Let G(Ay,...,A4;,By,..., By, Cy,...,C,) denote a sentential for-
mula. Then there is an effective procedure for determining whether

{Bi1,...,Bn,Ci,...,C,} is a nestable set f@f that captures th@’s.

For specific algorithms see [1] and [2].

2Nestings, also called Boolean function decompositions, were studied at Bell Labs, where the aim
was to make the design of switching circuits as efficient as possible. The principle results, including our

"nesting lemma," were first published by R.L. Ashenhurst (at Bell Labs) in 1952.
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Section 3.2 Flat Sentences

Definition 3.2.1 (Symbols)

We use the following sets of symbols:

e Basic symbolsy, vy,.... We use natural number subscripts to em-

phasize that there are infinitely many of these. In practice wexuse
VyZyuuun

e The diacritical markSand” (called “check” and “hat”), and the over-
line .

e For each non-negative integera set ofn-place predicate symbols

Py, P!, .... Inpractice we useP, Q,... and say what number of

places they have.

e The logical connectives andv.

Definition 3.2.2 (Indeterminates and Rooted Sets of Indeterminates)

An indeterminatds an expression of the forir! or £4, where4 is a finite

set (possibly empty) of basic symbols different framThe basic symbol

is called theroot symbobf the indeterminate, and is called theargument

of the indeterminate. A checked indeterminate, i.e., an indeterminate of the
form X4, is call awitness A hatted indeterminate, i.e., an indeterminate
of the form x4, is called afalsifier. The indeterminate: is called the

dual of the indeterminate&t, andvice versa That is, two indeterminates

are dual if one is a witness and the other a falsifier, but they have the same
root symbol and the same argument. When we wish to denote an arbitrary
indeterminate (i.e., without specifying whether it is a witness or a falsifier)

we may use a dot in place of a check or a hat, e:d., We will say that a
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set of indeterminates i®otedif every basic symbol occurring among the

indeterminates in the set has exactly one root occurrence.

Definition 3.2.3 (The Dependency Relation)

Let/ = {)'clAl, ..., xAn} be a rooted set of indeterminates. L%tdenote
the set of basic symbols occurring in We associate witl a relation
R; on the setS; given byR; = {(x;.x;) | X/ € I andx; € 4;}. This
is called thedependency relatioffor the set of indeterminates. If we
say a set of indeterminatdshas some specific ordering, we mean that the
dependency relation is the specified ordering'cﬁf, )'ch’ € I then we will
say thab'c,.A" depends upov’tjA’ if and only if (x;, x;) € Ry, and we will

. . A; LA .
write ¥/ < %7’ to denote this.

Definition 3.2.4 (Free Indeterminates and Trifles)

Let x4 be an indeterminate in a set of indeterminafeslf x4 depends
on no other indeterminate occurring In thenx4 is said to bereefor 1.
Conversely, if no other indeterminate occurringfirdepends on:4, then

x4 is said to be drifle in 1.

Definition 3.2.5 (Predicate Complements)

To eachn-place predicate symbadt we associate the expressi#nwhich
we also consider to be anplace predicate symbol. We caflthecomple-

mentof P andvice versa.

We will see later that when interpretd:dis always the same a3.
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Definition 3.2.6 (Literals and Flat Sentences)

1. Let P be arm-place predicate symbol, leg, ..., ,—; be a sequence
of indeterminates, and Iép = {%"', ..., %7} <x<. be the set of in-
determinates occurring in the sequenge .., t,—;. If the members
of Ip are linearly-ordered by the dependency relation/gnthen the

expressionPry, ..., t,— IS called aratomic literal

2. A disjunction of literals is called @&lause and a conjunction of
clauses is called presentence in conjunctive normal form. If a pre-
sentence in conjunctive normal form is rewritten, using the standard
rewrite rules of Boolean logic, as a disjunction of conjunctions of lit-

erals, the result is presentence in disjunctive normal farm

3. Lety be a presentence. If the skt of indeterminates o is rooted
and linearly-ordered, thep is called aflat sentenceA flat sentence

consisting of a single atomic literal is called an atomic sentence.

We require flat sentences to be in a disjunctive or conjunctive normal form to sim-
plify the development of the semantics of Hologic in the next chapter. To simplify
our presentation, specifically to avoid writing the self-evident duals to each subsequent
definition or proposition involving flat sentences, we will assume that any arbitrary flat

sentence is in the conjunctive form unless otherwise stated.

Section 3.3 Complex Literals and Sentences

A fundamental syntactical feature of Hologic is that under certain conditions a given
sentence may take on the role of a literal — what we teroomplex literal— as a

nest within another sentence. (“Nest” is used here in the sense of Definition 3.1.1.) For

convenience we will use special predicate symbols to denote complex literals. These
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special symbols will be set in calligraphic font, e.®. for P, Q for Q, etc., and we

will call them complex literal symbolsFor a sentence to become a complex literal in
another sentence it is necessary that the sets of indeterminates of both sentences be
in some sense compatible. For instance, we could not have a witness and a falsifier
appearing in the same sentence with the same basic root symbol, or have a closed chain
of dependency among the indeterminates. To prevent such problems, we first need to
draw a distinction between what we term “local” and “non-local” indeterminates. We

then define what it means for two sets of indeterminates to be comparable.

Definition 3.3.1 (Local and Non-Local Indeterminates)

Supposey is an expression consisting of literals joined in some manner
by the logical connectives andA. An indeterminatex? of ¢ occurring

in a literal P, ..., 7,— is said to bdocal to Py, ..., 7,— if it does not
occur in any literal that is distinct fron®zy, . .., t,—; and if its root symbol
does not occur in the argument of any indeterminate with an occurrence in
a literal distinct fromP1, . .., 7,_;. Otherwisex“ is said to benon-local

to Pto,..., Th1.

Definition 3.3.2 (Comparable Sets of Indeterminates and Expansion)

Two sets of indeterminatesandJ are said to beomparabléaf they have

the same root symbols and if no root symbol is the root of a witness in
one set and the root of a falsifier in the other set. (l.e., the hats/checks
correspond for corresponding symbols.) If in addition the argument to each
indeterminate i/ contains the argument to each indeterminatelraving

the same root symbol, then we say thiat anexpansiorof /.

We are now in a position to give the general definition of “sentence” for Hologic.
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Definition 3.3.3 (Sentences)

Every flat sentence is a sentence. Suppeosendy are sentences such
that for some literalPt, ..., 7,—; occurring iny the set/p of all the in-
determinates occurring iz, ..., T, IS an expansion of the sé}, of
non-local indeterminates occurring¢gn Then we may form a new expres-
siony’ by substitutingy for (one or more occurrences) &, ..., 7,—1 Iin

Y, replacing each indeterminate Ip by the corresponding indeterminate
from Ip. If ¢ is not an atomic sentence, then each indicated occurrence of
¢ (modified as above) ig-” will be called anestor acomplex literalin v,

and we will say that/’ is a sentence in nested normal fo(MNF). We will

also in this case use the special grouping symbpls: |"or“[ ... ] to

demarcate the nest.

As noted previously, we may for convenience use a complex predicate symbol to rep-
resent the nest. In general this gives us many distinct ways of writing a sentence,
depending on whether we choose to use complex predicate symbols, and which com-
plex literals we choose to use them for. The following example is intended to illustrate
both the definition of “sentence” and the conventions which in practice we will adopt
for writing sentences.

For example, let

Thenlg = {u, w"’,x*"} is an expansion of the sé}, = {u, w*, x**} of non-local

indeterminates ip. Consequently, setting

Rd)uvifl)euw — Sifld)uv)euw A Tifld)uv)%uwj;uwx



28

we may write the new sentence

w/ — Pﬁﬁu Y, Uv A (Q,UMV Y, Uv \/RVMUVAMU))

with complex literatRw*?ux**. Note that the local indeterminaf&™*~ does not occur

as an argument t&. However, we can also writg¢’ as

w PﬁAuVuv/\(QAuVVuvv LSaVuv/\uw/\TﬁII)uv}euwauwXJ)

where the grouping symbolg™and “|” are used to demarcate the nest, and we call this
anexpanded displagpf ¢'. (For expanded display of nests within nests, we alternate
using the grouping symbolgd*“... |"and “[ ... ]".)

When choosing labels (predicate symbols) for complex literals, it may happen that
two complex literals occurring in a sentence may be so much alike — though not iden-
tical — that it is appropriate to label them with the same complex predicate symbol.

The following definition makes this precise.

Definition 3.3.4 (Alike Literals)

Any two complex literals occurring in a sentence are said talixe literals

if they are identical up to the choice of conjunctive or disjunctive form
(and the order of the conjuncts/disjuncts) for the nest and the labeling of
the local indeterminates, and except for the labeling, polarity, and order of
dependence among the non-local indeterminates. Complex literals are said

to bealike-complement$ each is alike to the negation of the other.

We will label alike literals with the same complex predicate symbol, and alike-comple-
ment literals with complementary predicate symbols. Complex literals may then be
identified or distinguished on the basis of their predicate labels and arguments, just as

atomic literals are.
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For example, the following three complex literals maybe distinguished as described

below:
Pix = Pxp*v Qz*x
Pix = Pxp*v Qz*x

PoX = PXJ*V Q3

The first two are distinguished by having different arguments (a witness in the one
case, a falsifier in the other). Also, the first two are distinguished from the third by the
predicate labels, and the labels are different because the indeterminate Iéta
falsifier in the expanded form @¢?; and a witness in the expanded form7ey.

The two complex literals below may be identified with one another. They have the
same argument, and they have the same label because the expanded forms are identical

up to the order of the disjunction and the labeling of the local indeterminates:
Pix = Pxp*v Qz*x

Pix = Quv'xv Pxa*

The way in which we have defined complex literals and the nested normal form
permits sentences that are already nested to be used as complex literals in turn. This

leads us to the notion of sentence depth:
Definition 3.3.5 (Depth)

The depth of an atomic literal is 0, and the depth of a complex literal is 1
greater than the depth of the deepest literal nested within it. The depth of a

sentence is 1 greater than the depth of its deepest nest.

Thus atomic sentences have depth 0, flat sentences have depth 1, the example sentence

Y’ on page 28 has depth 2, and so on.
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Definition 3.3.6 (Negation)

We define a syntactic operation, which we cadgation Let P, ..., 7,—1

be an atomic literal occurring in a sentenge To negate an instance of
P, ..., 1,—1 Within ¢ we replace that instance’s predicate symbol with
the it's complement symbaP, and replace eadocal indeterminate with

its dual. (We may sometimes denote this By, ..., 1,_;.) If ¢ is a flat
sentence, it is negated by negating each literal occurring in it, replacing
each conjunction with a disjunction and each disjunction with a conjunc-
tion, and flipping the non-local indeterminates as well. In general, a sen-

tence is negated by recursion on its depth.
For instance, to negate the complex liteRab“?zzx*"* in the example sentence
w/ — Pﬁi}u Y UV /\ (Q,UMv ¥ UV \/R VquAMU))
to obtain a new sentengg’ we would write
w PVAMVuv/\(QvuVVuvvRVquVMU))

Note that the local indeterminat¢™ was flipped tax“*. The expanded display of this
sentence shows how the negation was carried through to the binary connector and each

constituent literal occurring in the nest:
1// PVAu DY A (QU”T;IIII)”U V. Lgﬁd)uv)\(?uw V. Tifld)uv)\éuwy\fuwxh.

On the other hand, to negate the entire sentgrioge would write
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Section 3.4 Formulas and Forms

The word “formula” has been used in mathematical logic to denote any well-formed
expression, especially one in which not all of the variables are bound by a quantifier.
However, in Hologic there are no variables, free or otherwise: every well-formed ex-
pression is a sentence. Therefore we will use the word “formula” in quite a different

manner, but one that we believe makes appropriate use of its historical sense.

Definition 3.4.1 (Equivalent Sets of Indeterminates)

Let 7 be a rooted set of indeterminates, and suppose that eitloerx
occurs in/, but that neithery nor y occurs in/. We denote by/*<”
the set of indeterminates obtained franby replacing each (root and non-
root) instance of the basic symbelin 7 by y. If 7 andJ are sets of
indeterminates and there exist sets of indeterminéfes,, ..., I, such
thatJ = 1,7, ..., I, = I;""7" I, = I**<% then we shall say thalt

andJ areequivalentsets, denoted ~ J.

In other words, two sets of indeterminates are equivalent when one can be obtained
from the other by a uniform substitution of indeterminate symbols, keeping distinct

symbols distinct, introducing no new distinctions, and preserving hats and checks.

Definition 3.4.2 (Formulas)

Let ¢; denote a sentence with set of indeterminatesif I ~ J, we
denote by<p§ the sentence obtained by replacing each indeterminate from
I appearing inp with the corresponding indeterminate fram If ¢; and

¥ are sentenced, ~ J, andy,; = ¢f, then we will say thap,; andy ;s
areisomorphi¢ denotedp; ~ ;. We observe that- is an equivalence
relation on sentences. ¢f is a sentence, we define tfegemulag to be the

equivalence clasgyy : vy = ¢f,J ~ I}.
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One further abstraction is appropriate:

Definition 3.4.3 (Forms)

Given a formulap, we define thdorm of ¢ to be the equivalence class of
formulas that can be obtained fragpby uniformly relabeling the predicate
symbols, keeping distinct symbols distinct and complementary symbols

complementary.

We end our development of the syntax of Hologic with the observation that the only
distinction to be made between sentences of Hologic and complex literals is a distinc-
tion of context; a sentence is a complex literal standing alone. We will now turn to the

semantics of Hologic.
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Chapter 4 The Semantics of Hologic

Section 4.1 Strategies and Strategic Assignment

Definition 4.1.1 (Universes of Discourse and Predicates)

By auniverse of discours&re mean a non-empty set or clas®of objects.
We denote by??(U) the class of sets of objects frobh By anrn-place
predicateon U we mean a function whose domain is one or moiteples
of objects fromU and whose range is contained in the §ete, false}.
We denote a predicate dhby a predicate symbol with a superscript?.
The set ofn-tuples forming the domain of" is denoted/om (PV). To
each predicate®V we associate a predicai.'_tlfU having the same domain
and such that, for every ao, ..., a,—1 >€ dom (PY), Pa. .. apy =

true & PYaq...a,—1 = false.

Definition 4.1.2 (Knowledge Functions and Sets, Comprehension)

We treat each positive integeras an ordinal, i.en = {0,1,...,n —
1}. Leta € n, and leti = |x|. LetU be a universe of discourse, and
let PV be ann-place predicate of. If < aq,...,a,—1 >€ dom (P")
then letrny, < ao,...,a,—1 > denote the-tuple that is the projection of
< dy,...,a,—1 > onto just those coordinates indexed by elements,of
and letrmy (dom (PV)) be the set of all such projections of elements of
dom (PY).

Now let 8 be a non-empty subset of the complementwah #, i.e.,
B Cn\aandpB # @. A knowledge functiofor the pair(a, ) on PVis a
function yq.,p,u> Whose domain ist, (dom (PV)) and whose range is

2(U). In other words, a knowledge function o’ indexed by the pair
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(o, B) maps the projectiom,, of each element of the domain @tV to a
set of objects in the universe of discourse. Such sets of objects are called

knowledge setKnowledge sets may be empty.

A collectionI'pv of knowledge functions for a givem-place predicate
PYthat consists of exactly one knowledge functjon g p - for each pair
(o, B) such thatx Cn, B < n\«a, andp # @, is called acomprehensioof

PY.

We observe that iPV is ann-place predicate, then a comprehensioPdfconsists of
exactly3” — 2" functions. This is because the number of distinct suhsets: of size

i is (), and for each of these there & — 1 choices for. We have

n

=3 (’f) (@ ~1)

i=0

- 50 x%0)

i=0 i=
= (I1+2)"=0+1D" (Binomial Theorem)
= 3" -2
We also observe that any comprehensioPdfis a comprehension ar”.

Definition 4.1.3 (Knowledge Properties)

CUMULATIVE: A comprehension pv of ann-place predicateP? is said
to have theeumulative knowledge properify for any two subsets ando’

of n with @ € o, and forp a subset of both\ « andn \ «’, we have

V<a,B,P,U> (T[(X <do,...,Adn-1 >) < V<o’ ,B,P,U> (7T(x’ <dag,...,0p—1 >)

forall < ao,...,an—1 >€ dom (PY) and ally € I'pv.
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THEORETIC: A comprehensiofpu of ann-place predicatePV is said to

have theheoretic knowledge propertl for any two subsets anda’ of

and for B a subset of both \ « andr\ o', we have

Y<a,B,P,U> (TL’a <dag,...,dp—1 >) = V<uo',B,P,U> (TL’a/ <dag,...,dp—1 >)

forall < ao,...,an—1 >€ dom (PY) and ally € I'pv.

SET-THEORETIC: A comprehensiofipu of ann-place predicatePV is
said to have theet-theoretic knowledge propeityhere exists aset C U

such that for everw and we have

V<a,B,P,U> (g < do,...,dp—1 >) = A

forall < ao,...,an—1 >€ dom (PY) and ally € I'pv.

UNIVERSAL: A comprehensiorpu of ann-place predicate’V is said to
have theuniversal knowledge properifthe universe of discours¥ is a

set and if for everyy andf we have

V<a,B,P.U> (Mg < do,...,ap—1 >) =1

forall < ao,...,an—1 >€ dom (PY) and ally € I'pv.

We observe that the knowledge properties form a hierarchy, in that universal com-
prehensions are set-theoretic, set-theoretic comprehensions are theoretic, and theoretic

comprehensions are cumulative.

Definition 4.1.4 (Interpretation in a Universe of Discourse)

Let P be an atomia-place predicate symbol. Ainterpretationof P in a
universe of discours¥ is an assignment?: P + (PY, I'pv), where PV

is ann-place predicate ofty andI” is a comprehension aPV. Such an
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interpretation is always taken to entail an assignment ob (P ,FFU),

with I'pv = FFU.

If X is a set sentences, then an interpretatiotX’oin a universe of
discourseU is a set consisting of one interpretationlinof each atomic
predicate symboP occurring among the sentencesih such that if two
distinct predicate symbols are assigned to the same predicate by their inter-
pretation, then they are also assigned to the same comprehension for that

predicate.

In what follows, we will concern ourselves almost exclusively with interpretations in
which the comprehensions are at least cumulative. Also, we will sometimes loosely
refer to an interpretation “having” a specific knowledge property, e.g., we will have
occasion to speak of a “set-theoretic interpretation.” In these cases we always mean that

the comprehensions that comprise the interpretation all have the mentioned knowledge

property.
Definition 4.1.5 (Choices)

Let Py, ..., 1,—1 be an atomic literal interpreted in a universe of discourse
U, and let(PY, I'pv) be the interpretation of. We definechoicesfor the
indeterminates occurring among theby recursion on their dependency
relation. Letx be the free indeterminate occurring among theand let

B < n be the set of indices for those argument placedaf, ..., t,—

in which x occurs. Then an objeét € U is said to be ahoicefor x

in Py, ..., 71 if b € ygppu-(< >). (“< >" denotes the empty se-
quence.) Ifx4 is any indeterminate occurring among thea < n is the

set of indices for the argument places Bt,. ..., t,—; in which the in-

determinates whose basic symbols are contained octcur,f C n\«
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is the set of indices for the argument places in which occurs, and

< dg,,...,dq; > 1S @ tuple of prior choices for the indeterminates on
which x4 depends, thed e U is achoicefor x4 in P, ..., Ty if
b S )/<a,ﬂ,P,[U>(< aal, ce ,aai >)

Definition 4.1.6 (Restricted-Choice Trees for Atomic Literals)

Let Pto,...,1,—1 be an atomic literal interpreted in a universe of dis-
courseU, and let(PY, I'pv) be the interpretation of’. Supposelp =
(M %) <k<q is the set of indeterminates occurring among the

The choices inPty, ..., 1,— available to the indeterminates i» form

a tree of height: < k + 1, where level O is the root of the tree, level 1
consists of a node for each choice available to the free indeterminate, level
2 consists of sets of nodes, one for each prior choice of the free indeter-
minate, with nodes in each set corresponding to the choices available to
the next indeterminate in the dependency relation given the prior choice
of the free indeterminate, and so on. Each branch of the tree of height
k + 1 (if any) corresponds to a distinattuple < ao,...,a,—1 > of el-
ements ofU, whereq; is the corresponding choice of the indeterminate
occurring in thei th argument place oPry,..., t,—1. We will denote by

T-p 1p.Pv,r,y> the subtree consisting of just those branches correspond-
ing to elements offom (PY). We Ca”T<P,]P,PU,['PU> therestricted-choice
treefor Py, ..., t,—1 under the given interpretation, and we refer to the
nodes of this tree as thestricted choice$or the indeterminates idp. It

may happen thal<p s, pv.r,,> iS empty, i.e., that no complete sequence
of choices can be made, either because one of the knowledge functions

has an empty image, or because no available sequence of choices lies in
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the domain ofPV. In this case we would say that the comprehension of
PY is inadequatdor Py, ..., t,_1, Or equivalently thatPty, ..., 7,_; iS
undecidablein U under the given interpretation. ¥ p s, pv r,,> IS Not
empty, we will say thatP,, ..., t,—; is decidablein U under the given

interpretation.

Definition 4.1.7 (Strategies for Atomic Literals)

Let Pto,...,7,—1 be an atomic literal interpreted in a universe of dis-
courseU, let (PY, I'pv) be the interpretation ofP, and let/p =
(M %) <k<n be the set of indeterminates occurring among the
7;. Suppose thafr, ..., 1,— IS decidable under the given interpreta-
tion. We define a 2-teank-player game onT<p,,P,PU,pPU> as follows.
Each indeterminate ifip is a player. The team called tMgitnessegon-

sists of the witnesses ifi, and the team called thealsifiersconsists of

the falsifiers in/p. We permit teams to have 0 players. Each player gets
1 turn, with the free indeterminate playing first, and the other indetermi-
nates playing in order of dependence. A turn for a player consists of that
player selecting one element @of from among its restricted choices for
P, ..., 1,—1, based on the previous choices of any indeterminates upon
which the player depends. Every game terminates with the selection of
ann-tuple < aqy,...,a,—1 >, whereq; is the corresponding choice of the
indeterminate occurring in thah argument place oPty,...,7,—1. The
Witnesses win the game #Yay, ..., a,_; = true, and the Falsifiers win

the game ifP%ay, ..., a,— = false.

Since this is a finite game, it is determined, i.e., either the Witnesses or

the Falsifiers have a strategy. If the Witnesses have a strategy we will call
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each choice made by a witness in the execution of that stratetygtagic
choicefor that witness. Similarly, we will call each choice made by a
falsifier in the execution of a Falsifier strategystiategic choiceor that

falsifier.

Definition 4.1.8 (Compatible Strategies)

Suppose that two literals occur in a sentence and that the Witnesses (or
Falsifiers) have a strategy for each literal. Then these strategies are said to
be compatibleif any witnesses (resp. falsifiers) that occur among the ar-
guments of both literals make the same strategic choices in both strategies.
A collection of more than two strategies is compatible if the strategies it

contains are pairwise compatible.

Definition 4.1.9 (Strategies for Sentences)

Let ¢ be a flat sentence in conjunctive form interpreted in a universe of
discourseU, and let/,, be the set of indeterminates occurring among the
literals ing. If C is a clause irp then the Witnesses have a strategydor

if and only if the Witnesses have a strategy for at least one literal occurring
in C. The Witnesses have a strategy {oif and only if the Witnesses
have a strategy for each clausegm@nd the collection of these strategies is

compatible.

Dually, if C is a clause inp then the Falsifiers have a strategy Or
if and only if the Falsifiers have a strategy for each literal occurring'in
and the collection of these strategies is compatible. The Falsifiers have a
strategy fory if and only if the Falsifiers have a strategy for at least one

clause inp.
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The same definitions holanutatis mutandisfor flat sentences in dis-
junctive form. Strategies for sentences with depth greater than 1 are defined

by recursion on their depth.

Definition 4.1.10 (Truth in a Universe of Discourse)

Let ¢ be a sentence interpreted in a universe of discoursEneng is said
to betrue in U under the interpretation, denoted by = ¢, if and only
if the Witnesses have a strategy forin U. Also, ¢ is said to befalse in
U under the interpretation, denoted by g, if and only if the Falsifiers
have a strategy fap in U. If neither the Witnesses nor the Falsifiers have
a strategy forp in U, i.e., if U £ ¢ andU } ¢, theng is said to be

undecidablen U under the given interpretation.

It is clear that no sentence can be both true and false simultaneously, under any in-
terpretation, since witness and falsifier strategies are mutually exclusive. However, in
Hologic the law of excluded middle does not hold because literals — and consequently

whole sentences — may have inadequate comprehensions. That is, we have

UFe=UkFo

and UE ¢ = U g,

but the converses are in general false:

UFe#»UE?
and UKo #A UE .

In light of this, we can preserve a notion of validity for sentences only by restricting the

notion to cases where the comprehensions are adequate.
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Definition 4.1.11 (Validity)

A sentencep is said to bevalid, denoted=g, if U = ¢ for every universe
of discourseU and every interpretation intd under whichy is decidable.
Dually, a sentence is said to be a&ontradiction denoted= ¢, if U = ¢

for every universe of discoursé and every interpretation intt under

which ¢ is decidable.

We thus have= ¢ < 9.
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Chapter 5 REASONING WITH HOLOGIC

Our aim in this chapter is to take the first steps towards a proof system for Hologic, and
to outline some promising areas of future research.

As before we use capital Roman letters likand J to denote sets of indetermi-
nates. Also, we may occasionally continue to use lower case Greek letters gughds
Y informally as meta-symbols for sentences or formulas. However, we now adopt the
convention of formally denoting sentences by combining complex predicate symbols
such asP and Q — because sentences are (generally complex) literals — with a sub-
scripted letter to represent the set of indeterminates whose elements fill the argument
places ofP in some specific manner (i.e., according to a mapping that is assumed and
left implicit). Thus, “P;” denotes a sentence whose complex predicate symipoaisd
whose argument places are filled in some specific manner by the elements of the set of
indeterminated. Additionally, we will use combined forms such &s to indicate that
1 is a set of indeterminatesnd that the members of fill the argument places of the
literals in’P in some specific manner.

These notational conventions allow the possibility that even if two sets of indeter-
minates/ andJ are identical, nonethele$y andP; may be very different sentences.
For instance, we may havie = J = {x, y*} but P; = Pxp* andP; = Py*x. In
this case we would writép # Jp.

We prefer the simplicity of this approach to that of introducing new symbols to ex-
plicitly represent the mappings that assign a given set of indeterminates to the argument

places of a predicate.
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Section 5.1 Strategic Implication
In this section we aim to characterize the rules for Hologic that are the counterparts to
the standard first-order logic rules<{ules) for the manipulation of quantifiers, such as
VxPx = dxPx and(IxPx v IAyQy) & Ax(Px Vv Qx). In L these rules and equiv-
alences rest on the usual model-theoretic interpretations of the quantifiers. In Hologic

such rules — where they hold — must be derived from the semantics of strategies.

Definition 5.1.1 (Strategic Implication) IP is a predicate symbol and if
U = Py wheneverU = Py, for every universe of discourdé and every
interpretation=#: P +— (PY, I'pv) for which both?; andP; are decid-
able, then we will say tha®; strategically impliesP;, denotedP; — Py,
and that/p strategically implies/», denoted/» 5 Jp. If both Py 5 P
andP, > P; then we will say thaPP; andP; arestrategically equivalent

and denote this b; < P, (and also bylp < Jp).
We make the following further distinctions: Uf = Py whenevelU |=
P, for every universe of discourdé and
...every cumulative interpretation, then we wrige o Py, etc.
... every theoretic interpretation, then we wrigg ﬂ Py, etc.
...every set-theoretic interpretation, then we wmps—et> Py, etc.

...every universal interpretation, then we wrike e Py, etc.
Of course we have
s cum hr se uni
Pr > Py = Pr 8Py = Pr =3P = P25 Py = (P 25 Py).

Example 5.1.2 For every unary predic&end every univers& we have

U E Px = U E Px. Forif the sentence is decidable then there is at least
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one choice for the single argument placeRyfbut, givenU | Px, there is
evidently not a strategic choice for the Falsifiers, so any choice must be a

strategic choice for the Witnesses. B¢= Px. ConsequentlyPx = Px.

There are no free variables in Hologic, so eules for the introduction of quan-
tifiers to bind free variables, such as universal generalization, are not relevant. Also,
both quantification and negation in Hologic are notationally infix, so the rules for com-
muting quantifiers with negation have been adequately dealt with by Definition 3.3.5.
In this section we will examine the counterparts in Hologic to the following standard

L-rules and equivalences affecting quantifiers:

1. Vx¢x = Ix ¢x,

N

.AxVyexy = Vydxexy,

w

. Axdy oxy & Jydx exy,

4. VxVypxy & YyVx pxy,

62

Ax(px Vix) & (3xex vy yy), and

»

Yx(px AYX) & (Yxox AVY Yy).

We take them in order, and we will show in addition that (2) may fail if the interpretation

is not cumulative, and (3) and (4) may fail if the interpretation is not theoretic.

Lemma 5.1.3 (Flipping Down)

Let P; be a sentence and suppdséis a falsifier occurring infp. Let Jp
be obtained froml» by replacings4 with x4. (This is called, informally,

“flipping down.”) ThenP; > P;.
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Proof: If U = P; then no choice byt is a strategic choice
for the Falsifiers, so any choice by! is a strategic choice for
the Witnesses. I&4 has no choice, but stilU = Py, then
evidently the Witnesses retain the same strategyPipiif x4

has no choice.

Definition 5.1.4 (Adjacent Indeterminates)

If x4 and 2 are indeterminates occuring in a set of indetermindtes
with x4 < »2, then we will say that“ and# areadjacentif there is no

:C ¢ Ip such thatt4 < ¢ < yB,
Lemma 5.1.5 (Changing Down)

Let P; be a sentence and suppostand 72 are adjacent indeterminates
occurring infp with 8 < X4. Let J» be obtained froni,» by deleting the
basic symbok from the argumenB of 2 and adding the basic symbol
y to the argumeny of X4, so thatv? < 8. (This is called, informally,

cum

“changing down.”) TherP; — P;.

Proof: Supposél = P;. If ¥4 has a choice foP; then it has a
strategic choice foP;, i.e., X can make a choice such that no
subsequent choice By results in a win for the Falsifiers. Since
the interpretation is cumulative;? can make the same choice

in Py, but 2 has no choices available to it /A, that were not
available to it in?;. Consequently the same choice ¥ is
strategic forP;. If on the other hand“ can make no choice

in Pr then evidently the Witness strategy does not depend on an
evaluation of any literal in whicki4 occurs, and the commuta-

tion of X4 and 2 does not change the choices availablg to
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in any literal in whichx4 does not occur. Hence the Witnesses

retain the same strategy 61y .

Changing down can fail under a non-cumulative interpretation. For exampl&, tet
{a,b} and letPV be (given by the characteristic function on) the binary relafiena), (a, b)}
onU. We interpret the binary predicate symh®lby (PY, I'pv), wherelpu is the fol-
lowing set of knowledge functions. (An asterisk marks the argument place(s) for which

a choice from the image set is to be made.)

Y<@.40}, PV, MYyt <x,__ > > {a,b}.
Y<0.{13,PU.Tpy> : < __,%x > > {a,b}.
Y<0,40,1},PV,Tpy> + <k, % > > {a,b}.
V<{0},{1},PU,Tpy> * < 4,k > > {a, b},

<b,x> — {ab}.

Y<(1}{0},PU.Tpy> - < x,a > > {a,b},

<x,b> — {b}

ThenPx p* is true butPx” j is false. This is because the witnasglays first in Px y*
and may picka for the first argument place af — sincea is contained in the image
of y<p.103,pv,rpy>(< *,__ >) — S0 j* is subsequently forced to pick one @r b,
and for either choice the resulP@a or Pab) is true. However, the falsifiep plays
firstin PX”y and may pickb for the second argument place B8f and this forcesc”
to subsequently pick for the first argument place as well, singés the only element
in the image ofy~(1; (0}, pv, 1y~ (< %, b >). The result Phb) is false.

We turn next to the commutation of like quantifiers.
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Lemma 5.1.6 (Commutating Like Indeterminates)

Let P; be a sentence and supposé and y2 are adjacent witnesses or
adjacent falsifiers occurring ih, with 2 < x4. Let J» be obtained from
I by deleting the basic symbalfrom the argument3 of j»2 and adding
the basic symbo} to the argumend of x4, so thatx4 < y&. (This is

. . hr
calledcommutatingc“ andy2.) ThenP; bt Pr.

Proof: In any literal inP; in which both indeterminates occur
the interpretation of the predicate symbol is assumed to be theo-
retic, and consequently the choices for the argument places oc-
cupied by each indeterminate are the same before and after the
argument places occupied by the other indeterminate are filled.
(A fortiori this is true in predicates in which only one of the in-
determinates occurs, or in which neither occurs.) Consequently,
the order in which adjacent, like indeterminates play can have

no effect on any Witness or Falsifier strategy.

Commutation of like quantifiers can fail for non-theoretic interpretations: Wet
{a,b} and letPV be (given by the characteristic function on) the binary relatign 5),
(b,b)} onU. We interpret the binary predicate symblby (P, I'pv), wherelpu is

the following set of knowledge functions.
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Y<@,40}, PV, MYy <*,__ > > {a,b}.
Y<@{1},PU,Tpu> - < _,x > > {aj}.
Y<@,40,1},PV,Tpy> * <k, % > > {a,b}.
V<{0},{1},PU,Tpy> * < 4,k > > {a, b},

<b,x > +— {ab}.

Y<(1}{0},PU.Tpy> - < x,a > > {a,b},

<x,b > {ab}

This comprehension is cumulative but not theoretic, and we note that under this inter-
pretationPx y~ is true, butPx” y is false. For ifx plays first it may choose eitheror
b andy may subsequently pick, so the Witnesses have a strategyfory~. However,
if ¥ must play first then it's only choice ig, leaving no alternative fat but to make a
choice that falsifies?, so the Falsifiers have a strategy fox” y.

Finally we examine the Hologic counterparts to the equivaleBs¢gx v Vx) <

Exex v Iy yy), andVx(px A ¥x) < (Yxex AVY ¥y).

Lemma 5.1.7 (Unifying Witnesses)

Suppose that in a senten®g there occurs a disjunctio@x Vv Ry such
that the witness:"* is local and free foik o and the witness" is local
and free forL. Let Jp be obtained from/» by choosing a new basic
symbolx; and replacing each occurrence)vq’?1 and each occurrence of
¥4 in I» with the indeterminaté;"*, where4; = 4, U 4,, and replacing
each non-root occurrence among the indeterminatds iof either of the

basic symbols; andx, with the new basic symbol;. ThenP; <& Py



49

Proof: We observe that sincg'! is local and free foiK o andx;" is local

and free forLx then neither oft{'' andx;"> can be dependent on the other.
Consequently, if » is a rooted and well-founded set of indeterminates, then

Jp is also rooted and well-founded, andBg is well-formed.

Now supposé&J = P;. For the Witnesses to have a strategy it is suffi-
cient that just one of "' andx;"> have a strategic choice, and if either of
them does thei;"* may make the same choice as a strategic choice for the
corresponding literal(s) iP;. On the other hand, if neithef"* nor x3"
can make a choice iR;, but nonetheles¥ = Py, then evidently the Wit-
nesses’ strategy did not require a choice by either of these indeterminates,

in which case the same Witness strategy will not require a choiovefby

for Py.

We observe that when we unify the local, free witnesses in a disjunction, we may take
the disjunction to be a new complex literal, for which the newly minted witness is local
and may (and may not) be free. Consequently, if there are more than two literals in
a clause each of which has a free local witness, we may iterate the unification until
all of the qualifying disjuncts are disjoined in a new complex literal for which the
witness unifying all is a local trifle, but inside of which it is a non-local trifle for each

disjunct. (Recall that a non-local trifle is an indeterminate upon which no other non-

local indeterminate depends.)

Of course, what can be unified without cost can be split without cost.

Lemma 5.1.8 (Splitting Witnesses)

Suppose a complex liter&@ g occuring in a sentenc®; has the form of
a clause (a disjunction of literals), that a witnes$is the local trifle for

Qk, and that in each of its disjuncts? is the non-local trifle. LetP;
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be obtained fron?; by choosing as many new basic symbe|sx,, ...

as there are disjuncts i@x, and eliminating every occurrence of! by
replacing its occurrence in thd disjunct with ¥/, where 4; contains
just those basic symbols id that also have root occurrences in e

disjunct. TherP; < P;.

Proof: If U = P; and if x4 makes a strategic choice as part of the Wit-
nesses’ strategy fd?;, then, for some, ¥“’s choice is a strategic choice
for the i disjunct in Q. In this caset;’" may make the same strategic
choice in the ™" disjunct as part of the same Witness strategyHer If on
the other hand:# has no choice ifP; then evidently the Witness strategy
does not depend on the evaluation of any literal in whichoccurs, and
so the same Witness strategy may be applie® jrwithout regard to the

evaluation of any literal in which any of th&" occur.

The counterparts in Hologic to th@ equivalence’ x(Px A Qx) = (VxPx AVyQy)

are the duals to the above lemmas:

Lemma 5.1.9 (Unifying Falsifiers)

Suppose that in a senten®g there occurs a conjunctio@x A Ry such

that the falsifiert;""

is local and free fotk o and the falsifiert;” is local
and free forL. Let Jp be obtained from/» by choosing a new basic
symbolx; and replacing each occurrencefq”?1 and each occurrence of
%4 in I» with the indeterminaté;®, whered; = 4, U 4,, and replacing
each non-root occurrence among the indeterminatds iof either of the

basic symbols;; andx, with the new basic symbol;. ThenP; <& Py.
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Lemma 5.1.10 (Splitting Falsifiers)

Suppose a complex liter&@ g occuring in a sentenc®; has the form of
a conjunction of literals, that a falsifier“ is the local trifle forQg, and
that in each of its conjunct$4 is the non-local trifle. Lef®; be obtained
from P; by choosing as many new basic symbe|sx,, ... as there are
conjuncts inQg, and eliminating every occurrence df! by replacing its
occurrence in thé! conjunct with%/"", where4; contains just those basic
symbols in4 that also have root occurrences in tHe conjunct. Then

PSPy

This completes our current treatment of strategic implication. In view of our remark
immediately following Definition 5.1.2, it is clear that mausrules for the manipula-

tion of quantifiers have no counterpart in Hologic. For instance, there is no means in
Hologic of introducing quantification of a variable that nowhere appears as an argument
to a predicate. On the other hand, since any rule of strategic implication would have to
hold for set-theoretic interpretations, Hologic can have no rules of this kind that do not

have counterparts for the manipulation of quantifier€in

Section 5.2 Remarks Towards Future Research
In closing, we present several informal remarks on topics in Hologic that seem to us to

warrant continuing investigation.

Remark 5.2.1 (The Proof System)

A proof system for Hologic would use the symbols we have previously
defined as part of the formal language. In addition, we would expect to
treat the complex predicate symbols and the strategic implication symbols

as formal symbols in our deductive calculus. Finally, it may be advanta-
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geous to introduce the special variable-arity predicate symbasd L,
which would be taken to correspond to the total and the empty relations,
respectively, in any interpretation. The complete set of symbols would then

consist of:

a. The logical connectiveg andA and the overline symbol to represent

the negation or complementation operation.
b. The strategic implication connective.

c. The sets of atomic and complex predicate symbols
{P,O,R,... P,O,R,...} and {P,Q.,R,....,P,Q,R,...} to-
gether with the special variable-arity predicate symbdlsand

L.

d. The sets of indeterminate symbéis y, z,...} and{x, y,Z,...}

It seems likely that the following rules of proof will suffice:

Axioms from Tautologies: If A(4,,...,A4,) IS a propositional tautol-
ogy andPy,...,P, are literals with a com-
mon set of non-local indeterminates, then

A(P1, ..., Py) is an axiom.

Pr.Prv Qs
Qs

Modus Ponens

Pr,Pr > Py

Strategic Implication:
Py

Both the soundness and completeness of the proof system will be subject
to novel considerations, owing to the flexibility of the semantics and the

possibility of an incompletely specified domain. We anticipate, however,
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that Hologic will be found to be complete. This is owing to the fact that if
a sentence is valid then it must be set-theoretically valid, and consequently

the completeness df itself comes to bear.

Remark 5.2.2 (Inter-interpretability of Hologic ant)

We believe that there is a straightforward procedure for writing any sen-
tence of Hologic as a sentence £f andvice versa such that when the
predicate symbols are interpreted in the same way in the same set-theoretic
domains, the resulting sentences have the same truth conditions. As noted
above, this will likely be relevant to the completeness of Hologic. It will
also make explicit and precise the assertion that the semantics of Hologic

is a generalization of the semantics/f

Remark 5.2.3 (Sorts)

The distinction between set-theoretic interpretations and universal interpre-
tations has not been found to have any impact on strategic implication. We
can interpret this fact to mean that the rule€afo not distinguish domains
consisting of a single sort of object from domains consisting of two or more
sorts of objects. In contrast, Hologic evidently handles sorts in a very natu-
ral way, by means of the knowledge functions. That s, the sort of an object
is set by the comprehension of the predicates for which that object may
be used, and consequently no additional rules of logic are required to ac-
commodate a theory with more than one sort. This fact, combined with the
rule of sentence construction implicit in Definition 3.3.3, makes defining
and using new sorts (including sorts with arities) independent of externally
supplied sort definitions. The result for knowledge systems built using Ho-

logic as the deductive engine would be the capacity to draw conclusions
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that implicitly use and explicitly denote previously undefined categories.
We believe this may have implications for artificial intelligence applica-

tions.

Remark 5.2.4 (Quantificational Independence)

Jaakko Hintikka proposed in 1996 [4] a game-theoretic semantics for first-
order logic, with many of the same aims in view as are achieved by Ho-
logic®. Among Hintikka’s aims was to supply an unambiguous semantical
sense to expressions in which there is no specified order to the quantifiers.
(Hintikka calls this “independence-friendly"” or IF logic.) We observe that
guantificational independence may be handled very naturally in Hologic,
both syntactically and semantically. It is syntactically natural because the
rules of sentence construction may be altered to permit the dependency re-
lation among the indeterminates in a sentence to be a partial order rather
than a well-order. It is semantically natural because when two or more
indeterminates are not ordered by dependency, they simply make their re-
stricted choices simultaneously, that is, on the basis of the same knowl-
edge functions each would be governed by if the other indeterminate(s)
were makingtheir choices subsequently. However, quantificational inde-
pendence in Hologic results in different truth conditions than in Hintikka’s

game theoretic semantics.

We believe the development and investigation of an independence-
friendly generalization of Hologic is warranted, and not only for reasons of

theoretical interest. A continuing challenge for artificial intelligence sys-

3This author is indebted to Hintikka for exposing him to the notion of a game theoretic approach to

semantics.
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tems is coping formally with incomplete information, and forming testable
conjectures on the basis of such information. One reduction of this problem
would be to see it as the unstructured accumulation of literals and/or pre-
sentences, which must then be organized into a semantically coherent set
of sentences. Handling quantificational independence would be a central

issue.

Remark 5.2.5 (Computational Treatment)

As we noted in the introduction to Part Il of this thesis, we have been
motivated in part by a perception that Hologic is very amenable to compu-
tational treatment. In particular, it is natural to view sentences in Hologic
as data structures in a list-processing (lisp) language. It remains one of
our principal goals to implement Hologic as a logic engine for knowledge

systems.

This completes our introduction of Hologic.
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